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SURFACE ELASI'IC CONSTANT PROBLEMS FOR NLC CONFINED TO 

CY LI N D R I  CAL CAVI TY : STAB1 LI TY OF AX1 AL CONFI GURATI ON 

ALEXEI D. KISELEV 
Chernigov Technological I n s t i t u t e .  Chernigov, Ukraine 

VICTOR Yu. RESHETNYAK 
Sur face  Chemistry I n s t i t u t e  of t h e  Ukrainian Academy of 
Sc iences ,  Kiev. Ukraine 

Abs t r act I n  t h i s  paper w e  cons ider  nematic l i q u i d  
c r y s t a l  CNLCI confined t o  c y l i n d r i c a l  cavity under t h e  
homeotr opi  c anchor i ng condi ti ons.  Saddl e-apl a y  and 
splay-bend terms i n f l u e n c e  on t h e  axial d i r e c t o r  
conf igu ra t ion  s t a b i l i t y  i n  t h e  presence of magnetic 
f i e l d  app l i ed  a lang  t h e  c a v i t y  axis is i n v e s t i g a t e d .  By 
us ing  t h e  Fourier  expansion of d i r e c t o r  f l u c t u a t i o n s  
over azimuth a n g l e  our a n a l y t i c a l  method of a t t a c k  
enab le s  t h e  s t a b i l i t y  cond i t ions  t o  be found i n  terms of 
t h e  s t a b i l i t y  t o  each f l u c t u a t i o n  mode. The dependence 
of t h e  r e s u l t a n t  s t a b i l i t y  th re sho ld  on t h e  s u r f a c e l i k e  
elastic cons t an t  va lue r  is c a l c u l a t e d .  W e  have obta ined  
t h e  r e s t r i c t i o n s  i m p o s e d  on t h e  c o n s t a n t s  t o  m a k e  
passible t h e  s t a b i l i z a t i o n  of t h e  axial s t r u c t u r e  by t h e  
magnetic f i e l d .  

I N T R O W C T I O N  

As it  have been shown i n  t h e  papers  of Oseen' and Frank' and, 

40 yea r s  l a t e r ,  by Nehring and Saupe' i n  a d d i t i o n  t o  t h e  

usual Frank terms C s p l a y  p l u s  t w i s t  p l u s  bend I t h e  nematic 

f r e e  energy con ta ins  so-called s u r f a c e l i k e  elastic terms 
C comment on t h e  terminology is made i n  SOC. 111 I, t h a t  is. 

t w o  terms af divergence f o r m  which can  be t ransformed i n t o  

i n t e g r a l s  aver t h e  bbundary surface and are propor t iona l  t o  

t h e  saddle-splay elastic cons tan t .  Kz4. and t h e  splay-bend 

one, KiS.  They may be t aken  in t h o  fo l lowing  forms: 

[3093]1527 
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528/[3094] A.D.  KISELEV AND V.Yu. RESHETNYAK 

1 K 
dv d i v  [ n d i v  n + C 5 c u r l  3 - -zJ  - - - 

F2 4 a 
V 

C l >  

where n is t h e  nematic d i r e c t o r  f i e l d .  - 
The s u r f a c e  terms are i r r e l e v a n t  i f  w e  are i n t e r e s t e d  i n  

t h e  bulk p r o p e r t i e s  of nematic l i q u i d  crystal CNLCI.  but  t h e y  

are of consi  der  abl e i mpor t ance i n t. h e  under s t a n d i  ng of t h e  

physical  p r o p e r t i e s  of NLC conf ined  i n  geometr ies  more 

restrictive than  bulk.  Dealing with t h e  s u r f a c e  elastic 

cons t an t  problem one comes up a g a i n s t  t w o  ques t ions :  Is i t  

p o s s i b l e  t o  i n c o r p o r a t e  t h e  s u r f a c e l i k e  elastic terms i n t o  

t h e  f r a m e w o r k  of t h e  l i q i u d  c r y s t a l  continuum theory  

unambiguously 3 What are t h e  e f f e c t s  caused by t h e  presence 

of K Z 4 -  and K i 3 -  terms ? 

L e t  us  t a k e  up f i r s t  t h e  Kz4-  problem wi th  t h e  K i 3 -  t e r m  
being d is regarded .  A t  t h e  mament i t  is s a f e  t o  s a y  t h a t  t h e  

answer t o  t h e  f i r s t  ques t ion  is a f f i r m a t i v e  and t h e  problem 

of minimizing t h e  f r e e  energy wi th  t h e  K Z 4 -  t e r m  w a s  shown t o  
be a l w a y s  w e l l  posed4'" for t h e  t e r m  doesn ' t  con ta in  t h e  

d i r e c t o r  d e r i v a t i v e s  a long  t h e  d i r e c t i o n s  normal t o  t h e  

boundary s u r f a c e .  Hence t h e  on ly  e f f e c t  is t h a t  t h e  Kz4-  t e r m  

a f f e c t s  t h e  s t a n d a r d  boundary cond i t ions .  Recent ly  t h e  second 

ques t ion  has been rece ived  much a t t e n t i o n :  phys ica l  e f f e c t s  

whose very  occurrence  c r i t i c a l l y  depends on t h e  va lue  of K 
has been shown t o  and even estimates of t h e  va lue  

2 4  

'0-12 of K P I  has been made 

I n  c o n t r a r y  t o  t h e  K - problem. t h e  i s s u e  re la t ive t o  

t h e  Kis- t e r m  is much mare ques t ionable .  I n  t h e  s t r ic t  sence ,  

t h e  f r e e  energy func t iona l  with t h e  K i S -  t e r m  is unbounded 

b e l o w  and t h a t  is t h e  reason why s t r o n g  spontaneous s u b s t r a t e  

director deformations w e r e  found t o  be possible'*. One way t o  

avoid such an unphyslcal e f f e c t  is t o  sea rch  t h e  d i r e c t o r  

2 4  
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SURFACE ELASTIC CONSTANT PROBLEMS FOR NLC [3095]1529 

d i s t r b u t i o n  minimizing t h e  free energy func t iona l  among t h e  

s o l u t i o n s  t o  t h e  Euler-Lagrange equa t ions  . Recent ly  t h e  

estimate of t h e  va lue  of obta ined  on t h e  basis of t h i s  

method. have been repor teda6 .  W e  are not  t o  d i scuss  another  

w a y s  of l o o k i n g  a t  t h e  problem”-’s and s h a l l  employ t h e  

above approach t o  s tudy  how t h e  s u r f a c e l i k e  terms affect t h e  

s t a b i l i t y  th re sho ld  of axial d i r e c t o r  conf igu ra t ion  i n  NLC 

conf ined  to  c y l i n d r i c a l  c a v i t y  i n  t h e  presence of s t a b i l i z i n g  

magnet i c f i el d under t h e  homeot r opi  c anchor i ng condi ti ons . 

i445 

KiS. 

I n  Sec.11 t h e  s t a b i l i t y  a n a l y s i s  is given i n  t h e  

one-constant approximation. By us ing  t h e  Fourier  expansion of 

director f l u c t u a t i o n  over azimuth ang le  w e  d e r i v e  

u n e q u a l i t i e s  t h a t  y i e l d  t h e  s t a b i l i t y  of t h e  axial s t r u c t u r e  

t o  every  f l u c t u a t i o n  harmonics. I t  is found t h a t  one has  t o  

impose t h e  r e s t r i c t i o n s  on t h e  va lues  of Kz4 and KiB t o  make  

p o s s i b l e  t h e  s t a b i l i z a t i o n  of t h e  s t r u c t u r e  by t’he magnetic 

f i e l d .  I n  p a r t i c u l a r ,  t h e  va lue  of Kz4&K must fa l l  i n  t h e  

range  f r o m  zero t o  u n i t y  provided K i s  = 0. The same r e s u l t  
had been obta ined  i n  t h e  case of sphe r i ca l  c a v i t y e  and w e  

have t h e  KzI -  t e r m  being of g r e a t  importance t o  t h e  axial 

s t r u c t u r e  s t a b i l i t y .  Taking i n t o  account t h e  Kis-  t e r m  t h e  
s t a b i l i z a t i o n  appears  t o  be p o s s i b l e  provided t h a t  t h e  

q u a n t i t y  Ka9/4K lies between q,, - Cqz4P’2 and 

q,, + Cqz43”2, w h e r e  t h e  n o t a t i o n  q,, s t a n d s  for KZ4A2K. W e  

also d i s c u s s  whether t h e  number of f l u c t u a t i o n  mode, which 

d e f i n e s  t h e  r e s u l t a n t  s t a b i l i t y  th re sho ld .  could be changed 

by the magnetic f i e l d  a t  a given  K and Kim . The r e s u l t s  of 

numer i cal cal cu l  a t  i ons are presented  . 

Some add i t iona l  comments on t h e  KiS-  problem are made i n  

Sac. I11 - The s t a b i l i t y  t h r e s h o l d  t o  zero-numbered 

f l u c t u a t i o n  mode is shown t o  d e s c r i b e  t h e  t r a n s i t i o n  between 

t h e  axial s t r u c t u r e  and t h e  escape- rad ia l  one. A comparison 
of t h e  ene rg ie s  r e v e a l s  t h a t  t h e r e  are t h e  va lues  of Kim such 

t h a t  t h e  s t a b i l i t y  cond i t ion  doesn’t  provide t h e  global  

s t a b i l i t y  of t h e  axial p a t t e r n  . 

2 4  

Some c a l c u l a t i o n s  are d e t a i l e d  i n  Appendix. 
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530/[3096] A.D. KISELEV AND V.Yu. RESHETNYAK 

STABILITY OF AXIAL. DIRECTOR CONFIGURATION 

L e t  u s  cons ider  NLC conf ined  t o  t h e  c y l i n d r i c a l  cavity of 

r a d i u s  R i n  t h e  presence of magnetic f i e l d  applied a long  the 

c a v i t y  axis. H = H e-. The NLC free energy may be taken  i n  

its s t anda rd  form: 
- 

F = py [ C d iv  n - 3‘ + C c u r l  n - 3’ - q* n: ] + 
v 

+ F z r  + F i g  - C 1. e, > 2  c 3) 

where t h e  one-constant approximation is used and q = x,H/K 
C q-‘ is t h e  magnetic coherent  l e n g t h ,  x, is t h e  a n i s o t r o p i c  

p a r t  of magnet.ic s u s c e p t i b i l i t y  3 ,  W is t h e  anchoring 

energy, fi is t h e  u n i t  vector d i r e c t e d  a long  t h e  axis of e a s y  

o r i e n t a t i o n  on t h e  conf in ing  s u r f a c e .  The last addend of 

Eq. C 33 r e p r e s e n t s  t h e  energy of t h e  i n t  er act i on be t  ween NLC 

and t h e  c a v i t y  w a l l  w r i t t e n  i n  t h e  Rapini-  P a p u l a r  f o r m i 9 .  

To begin with t h e  s t a b i l i t y  a n a l y s i s  i t  is convenient  to 

presen t  t h e  director i n  t h e  c y l i n d r i c a l  coord ina te  s y s t e m  

C 02 axis is p a r a l e l l  t o  t h e  c a v i t y  axis 3 as f o l l o w s :  

2 
6 

”_ = c o d  cos# e + cos0 s i n #  e4+ s i n e  e c 43 + --‘p 

where Q = M r , @  and B = #Cr.p3.  Evident ly ,  t h e  axial 

director d i s t r i b u t i o n  C = e+ > can  be obta ined  f r o m  Eq.C43 
on p u t t i n g  0 = # = 0. Here ina f t e r  w e  s h a l l  u s e  t h e  n o t a t i o n s  

8 and 9 for s m a l l  d e v i a t i o n s  of t h e  ang le s  Q and B from ze ro  

and assume t h e  anchoring c o n d i t i o n s  t o  be homeotropic:. e = e . 
To s tudy  t h e  axial c o n f i g u r a t i o n  s t a b i l i t y  one has  t o  

s u b s t i t u t e  t h e  director f i e l d  given by Eq.C4> i n t o  t h e  

express ion  f o r  t h e  NLC free energy Eq. C 3 3  and d e r i v e  t h e  

second-order v a r i a t i o n  of t h e  f r e e  energy func t iona l  6% as a 

b i l i n e a r  p a r t  of t h e  energy i n  t h e  a n g l e  f l u c t u a t i o n s  8 and 
+. The r e s u l t  is g iven  by E q . C A l 3  i n  Appendix, where after 

the f 1 u c t u a t i  ons expanded i n  Fourier  series over azi mut h 

angl e and t h e  Eul er -Lagr ange equat ions  sol ved t h e  

second-order v a r i a t i o n  of t h e  f r e e  energy is s h o w  t o  be a 

4 
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SURFACE ELASITC CONSTANT PROBLEMS FOR NLC 130971153 1 

sum of q u a d r a t i c  forms S2FmCP3. each a s s o c i a t e d  with 

f l u c t u a t i o n  m o d e  s p e c i f i e d  by number m C see Eqs.CAl0-All3 3 .  

For t h e  axial conf igu ra t ion  t o  be stable a l l  t h e  

q u a d r a t i c  forms S4FmCA3 should be p o s i t i v e  d e f i n i t e ,  so t h a t  

t h e  cond i t ion  of t h e  axial s t r u c t u r e  s t a b i l i t y  is given by a 

set. o€ i n e q u a l i t i e s  d e s c r i p t i v e  a f  t h e  s t a b i l i t y  t o  each 

f l u c t u a t i o n  harmonics. Standard a l g e b r a i c  a n a l y s i s  provides  

t h e  cond i t ions  for 6'Fm t o  be positive d e f i n i t e  which are 

taken i n  t h e  f o r m  s u i t a b l e  f o r  subsequent d i scuss ion :  

where 

w < TmCx3 = tmCx3.-'CCpmCx3> 

- 0 < pmcx3 = o(,cx3 i- pmcX3 
m > 0: C 5b> 

C 6aI 

C 6b3 

+ qz4C m - 1 3 p,Cx3 + C 7> 3 
3 [ , 3 m ~ a  - c m + 1 > q2. . 

The f 01 1 e w i  ng des igna t ions  for four  d i  mend on1 ess parameters  

w e r e  used: 

24 1 + d  [ a , ~ x >  + C  m - 1  3 q 

w = WR#2K, q,, = KZ4/2K , q,, = K l o c B K  and x = qR. 

Since  parameter w is nonnegative.  w e  can determine t h e  

r e s u l t a n t  s t a b i l i t y  th re sho ld  as a greatest l o w e r  bound of 

t h e  q u a n t i t i e s ,  t h a t  govern t h e  s t a b i l i t y  t o  each f l u c t u a t i o n  

m o d e :  
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53243098 J A. D. KISELEV AND V. Yu. RESHETNYAK 

TmCx3, i f  TmCx3 > 0 and p m C d  > 0 

0. o the rwise  
TRmC>5) = 

Then t h e  s t a b i l i t y  c a n d i t i o n  is g iven  by 

w i W C W  . 

c €33 

c a> 

C l O 3  

I n  what f a l l o w s  w e  cons ider  t h e  p o s s i b i l i t y  f o r  t h e  

axial director c o n f i g u r a t i o n  t o  b e  s t a b i l i z e d  by apply ing  t h e  

magnetic f i e l d .  Mathematically.  t h e  magnetic f i e l d  f a i l s  t o  

s t a b i l i z e  t h e  s t r u c t u r e  i f  W c C x 3  = 0 for all x > 0. 

KPd-Term I n f l u e n c e  On The Stability Threshold 
~~~- ~ 

I n  t h i s  subsec t ion  w e  explare t h e  case of K = 0. F i r s t  i t  
$9 

is usefu l  t o  po in t  o u t  same s i m p l e s t  p r o p e r t i e s  of t h e  

f unc t i ons 

K ~ - ~ C X >  c: 1 for nonzero va lues  of' x; c. rm+iCx3 monotonical ly  

tend  t o  u n i t y  as m goes t o  i n f i n i t y .  There is no need t o  m a k e  

numerical c a l c u l a t i o n  t o  a r r i v e  a t  t h e  conclus ion  t h a t  t h e  

axial s t r u c t u r e  cannot  be  s t a b i l i z e d  by t h e  magnetic f i e l d  i f  

t h e  va lue  of q doesn ' t  lie wi th in  t h e  i n t e r v a l  CO. 13- I n  

o the r  words, i f  q,, t a k e s  a va lue ,  which is o u t s i d e  t h e  

i n t e r v a l  CO, 13. t hen  f o r  a g iven  va lue  of x t h e r e  is a 

number m, much t h a t  eit,her p Cx3 0 or T <x3 c: 0. To prave  

i n i t i a l l y  be  nega t ive ,  so t h a t  our con ten t ion  l e t  

p,Cd i 0 for any m. The expres s ion  f o r  t m C A  can be 

i03 = 1 ;  b. Tm+*CX3 > 1. rmkICx3: a. x m + i  
- 

24 

m m 

q*, 

r e w r i t t e n  as fo l lows:  

t m C &  = 4 Crn+l:5 d + C m - 1 3  q,, t m  
Obviously. s i g n  of t C x 3  is dictated by t h e  f i r s t  factor 

enc losed  i n  squa re  b racke t s  and i t  remains t o  see t h a t  t h e  

f a c t o r  goes n e g a t i v e  f o r  s u f f - i c i e n t l y  large number m ,  s i n c e  

d C x l  t ends  t o  zero as m + OD C see Eq.CBb3 3 -  I f  q,, is 
g r e a t e r  than  u n i t y  i t  w i l l  s u f f i c e  t o  no te  t h a t  xm+*Cx3 is 

monotonical ly  dec reas ing  f u n c t i o n  of m , which t ends  t o  u n i t y  

m 

m 
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SURFACE ELASTIC CONSTANT PROBLEMS FOR NLC [3099]/533 

as m + OD , and t h e r e f o r e  t h e  second f a c t o r  of Eq.Cl13 

enclosed i n  squa re  b racke t s  goes nega t ive ,  beginning wi th  

s u f f i c i e n t l y  l a r g e  number m, whi le  t h e  f i r s t  one being 

p o s i t i v e .  

The same r e s t r i c t i o n s  an q,, had been s h a m  t o  hold i n  
t h e  case of s p h e r i c a l  geometryQ and ones are more r i g i d  than  

+,hose g iven  by Ericksen". The lat ter can be r e w r i t t e n  i n  our 

denot ions  as: 0 C q < 2. N o t e  that t h e  va lues  of q,, 

extracted from t h e  deuter ium nuclear-magnetic-resonance 

on nematic submi cr ometer -s ized  cy l  i ndr i cal exper i ment s 

c a v i t i e s  t y p i c a l l y  f a l l  i n  t h e  range 0 . 4  to 0.6 f o r  SCB-pd2 

wi th  K = 5 J / m  and W = 3 lo-' J / m  . The va lue  of w had 

been va r i ed  between 0 . 1  and 10 i n i i .  

24 

ii,iz 

2 

The plot; of TRo - TRB i n  r e l a t i o n  to x = qR , arranged 

i n  w-qR p lane ,  are presented  i n  F i g . l a  a t  q = 0.8 to  show 

how t h e  curves  TRm form t h e  th re sho ld  l i n e  Wc, which is t h e  
24 

lowermost curve  C s e e  Eq. C833 

yi el ds t h e  s tabi 1 i t y di agr a m .  

d 

1. u 
* *  

w = 3 * .  
. * *  

and its graph i n  w-qR p lane  

6 .  

I 

/ ii?!aE d 5  

FIGURE 1 The p l o t s  of TRm versus  qR i n  w - qR plane  

f o r  m = 0 - 3 at q,, = 0.8. The s t a b i l i t y  reg ion  is 

arranged below t h e  l o w e r m o s t  curves .  b. The s t a b i l i t y  

p lane  at  q R  = 1 - 3. For a g iven  diagram i n  w - 
value  of qR t h e  area of t h e  s t a b i l i t y  is enclosed by t h e  

curve  and t h e  q -axis. 

a. 

'24 

24 
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As i l l u s t r a t e d ,  t h e  f i r s t  f l u c t u a t i s n  .mdc C m = 1 1 defizes 
t h e  s t a b i l i t y  t h r e s h o l d  far  a small magnetic f i e l d  s t r e n g t h  

C T R I C 0 3  = 0 3 ,  but. t h e  number of t h e  mode, governing t h e  

threshold .  changes t o  zero as t h e  f i e l d  s t r e n g t h  inc reases .  

The modes, t h a t  c o n t r i b u t e  t o  t h e  r e s u l t a n t  s t a b i l i t y  

th re sho ld .  WcCx3, are i n c r e a s i n g  i n  number when t h e  q u a n t i t y  

q,, approaches zero or un i ty .  I n t e r e s t i n g l y ,  T R m C x 3  i re  no t  

equal t o  zerq for a l l  m a t  q = 0 or 1 and x # 0. but  

l i m  TRm = 0 as m --+ a, and, as a consequence, W c C x 3  = 0 f o r  

any x. I t  sugges t s  t h a t  high order f l u c t u a t i o n  m o d e s  p l a y  an 

important p a r t  i n  an  immediate v i c i n i t y  of t h e  cr i t ical  

values  of q caus ing  t h e  d e s t a b i l i z a t i o n  of t h e  s t r u c t u r e  

as q,, passes  through its cr i t ical  p o i n t s .  The e f f e c t  of the 
d e s t a b i l i z a t i o n  i s  i l l u s t r a t e d  i n  Fig.  l b ,  where t h e  graphs 

of Wc as a f u n c t i o n  of q are shown a t  q R  = 1. 8, 3. 

24 

2 4  

24 

K i s - T e r m  I n f l u e n c e  On The S t a b i l i t y  Threshold 

H e r e  w e  f i n d  o u t  how t h e  s u r f a c e  elastic c a n s t a n t  K affects 

t h e  axial pa t t . e rn  s t a b i l i t y .  As can  be seen  from Eqs.CSa-Sb3, 

t h e  q u a n t i t i e s  pmCd don’t  depend on Ki3 and i t  is p o s s i b l e  

to  m e e t  the c o n d i t i a n  p,Cx3 > 0 by chaas ing  a n  a p p r o p r i a t e  

magnitude af t h e  f i e l d  s t r e n g t h .  t h a t  is x, even i n  t h e  case 

of q,, > 1. Thus one has  t o  ana lyze  t h e  express ion  for t m C  x3 
as i t  has  been done i n  t h e  prev ious  subsec t ion .  To t h i s  end 

let u s  cons ider  t h e  q u a n t i t y  tmCx3 in t h e  zero f i e l d  l i m i t :  

is 

2 tmC03.4m+13 = - qis Cm+l3 + 4 q,s Cm-13 qz4 + 

The s t a b i l i z a t i a n  can be provad t o  be p o s s i b l e  o n l y  i f  t h e  

r i g h t - s i d e  p a r t  of Eq.Ci23 is an  i n c r e a s i n g  f u n c t i o n  of m. I t  

immediately fo l lows  t h a t  t h e  parameter q,,& has  to l i e  
between q - Cqz43 i/ 2 and q + Cq243i’2 and q,, > 0: 

24 24 

C 1 3 3  

Omitting comprehensive praof of t h e  s ta tement ,  w e  j u s t  no te  
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t-hat- one is based on t h e  obse rva t ion  t h a t  t h e  c o e f f i c i e n t s  of 

+&he q u a d r a t i c  polynomial i n  q given  by Eq.C12> will d i f f e r  

from ones i n  t h e  case of nonzero magnetic f i e l d  by q u a n t i t i e s  

which tend  t o  z e r o  as m 4 w . I n t e r e s t i n g l y .  t h e r e  are no 

r e s t r i c t i o n s  on q bounded its va lue  from above and q j u s t  

must be p o s i t i v e .  From t h i s  po in t  of. view, one can r a y  t h a t  

Kt,- t e r m  p l a y s  a s t a b i l i z i n g  p a r t  i n  t h e  problem. On t h e  

o the r  hand, r e f f o r i n g  t o  Fig.  2a.  i t  can  be s e e n  t h a t  t h e  

axlal p a t t e r n  is uns tab le  u n t i l  t h e  s t r e n g t h  of magnetic 

f i e l d  reaches  its crit ical  va lue .  x = x , which s t r o n g l y  

depends on q and qis . Indeed, coming back t o  Eq. C123, w e  

f i n d  t h a t  t CO3 < (3 and t h e r e f o r e  i t  is necessary  t o  apply  

t h e  magnetic f i e l d  of f i n i t e  ampli tude t o  m a k e  i t  p o s i t i v e .  

Here w e  have t h e  e f f e c t  t o  be t e s t e d  exper imenta l ly .  

13 

24 21, 

24 

Eq.Cl33 seLs t h e  limit on Lhe va lue  of q from below: 

q,, m u s t  be g r e a t e r  t han  - 0.5. The exper imenta l ly  obta ined  

estimatetb of KiS provider  q = - 0.2 for submicron nematic 

fi  1 m s  . 

1s 

is 

W 

F1GUP.E 2 a. The qR - dependence Qf TI;lm i n  w-qR p lane  

€or m = '3 - 3 a t  q,, = 0.8 and q = 0.5  The axial 

s+- ruc ture  is shown t a  be u n s t a b l e  a t  qR .: x . b. The 

energy  of t h e  escaped- ad i  a1 c o n f i g u r a t i o n  as a func t ion  

of parameter z a t  q,, = 0.9. q,, = 1.2 and w = 2.0 . 

t3 

.- 
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CONCLUSI ONS 

A.D.  KISELEV AND V . Y u .  RESHETNYLUS 

I n  t h i n  paper  w e  s t u d y  how t h e  s u r f a c e l i k e  elastic terms 

i n f l u e n c e  t h e  s t a b i l i t y  of t h e  axial c o n f i g u r a t i o n  under t h e  

homeotropic a n c h o r i n g  c o n d i t i o n s .  I t  is r e a s o n a b l e  t o  t a k e  

t h e  assumption t h a t  t h e  axial p a t t e r n  c a n  b e  stabil ized by 

magnetic f i e l d .  I f  so, our  a n a l y s i s  p r o v i d e s  t h e  r e s t r i c t i o n s  

on t h e  v a l u e s  of K P I  and Ki3. The Kis - t e r m  is found t o  

change t h e  s i t u a t i o n  i n  b o t h  q u a n t i t a t i v e  and q u a l i t a t i v e  

w a y s .  Far i n s t a n c e ,  w e  s a w  the Kt9 - t e r m  r e s u l t  i n  t h e  

appearence  of t h e  t h r e s h o l d  for t h e  magnet ic  f i e l d  even i f  

W = 0 C no a n c h o r i n g  3 .  To c la r i fy  t h e  ro le  of K i s - t e r m  w e  

now compare t h e  v a l u e  of t h e  axial c o n f i g u r a t i o n  e n e r g y  , 
= 0, w i t h  t h e  free e n e r g y  af t h e  e s c a p e d - r a d i a l  F* 

c o n f i  gur  at i oni2*22 : 

C 1 4 3  

where z = C R / , d 2 .  I t  is e a s y  

to see f r o m  Eqs.€:Ba, 14) t h a t  t h e  s t a b i l i t y  c o n d i t i o n  

w c. ToC03 i m p l i e s  a n  i n c r e a s e  of F Cz3 a t  z = 0, i . e .  i t  

means t h e  local s t a b i l i t y  of t h e  axial c o n f i g u r a t i o n .  But as 

e v i d e n t  f ram Fig .  2b  , i n  t h e  p r e s e n c e  of t h e  K - t e r m  t h e  

local s t a b i l i t y  d o e s n ' t  imply  t h e  global one. Thus w e  

encounter  h e r e  t h e  e f f e c t  which l o o k s  l i k e  b i s t a b i l i t y  and 

caused  by t h e  K - t e r m .  For d e f i n i t e n e s s  s a k e .  o n e  h a s  to  

p o l n t  aut  t h e  fact  t h a t  t h e  f i r s t  f l u c t u a t i o n  m o d e  m a k e s  t h e  

axial s t r u c t u r e  u n s t a b l e  under t h e  homeotropic anchor ing  

c o n d i t i o n s  i n  t h e  zero f i e l d  l i m i t .  But after w is r e p l a c e d  

by - w  i n  Eq.ilJ3, w e  get t h e  e x p r e s s i o n  for t h e  d i f f e r e n c e  i n  

e n e r g y  of t w o  conf i gur a t  i o n s  under t h e  p l  a n a r  anchor i ng 

c o n d i t i o n s  w i t h  t h e  v e c t o r  of e a s y  o r i e n t a t i o n  directed a l o n g  

t h e  cavity a x i s  and t-he same effect  c a n  be shown to be 

possible. M o r e  d e t a i l e d  d i s c u s s i o n  w i l l  be g i v e n  elsewhere29. 

,o is t h e  i n t e g r a t i o n  c o n s t a n t .  

Ell 

i s  

f9 

L e t  u s  m a k e  a comment on  t h e  te rminology used  throughout  
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S U R F A C E  ELASTIC C O N S T A N T  PROBLEMS FOR NLC [3103]/537 

t h e  paper. Although it is common p r a c t i c e  w e  f o l l o w e d  t o  use  

t h e  t e r m s  ' s u r f a c e l i k e '  and ' s u r f a c e  elastic c o n s t a n t s ' ,  t h e  

t e r m  'd ivergence elastic cons t an t s '  recent1  y proposed by 

V. Pergamenchshik C r e p o r t  a t  1S th  ILCC 3 seems to be more 

appr opr i ate. 
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APPEND1 X 

H e r e  w e  s k e t c h  t h e  way t o  d e r i v e  t h e  express ion  for 6 F as a 

sum of q u a d r a t i c  f o r m s  associated with f l u c t u a t i o n  modes. The 
b i l i n e a r  p a r t  of t h e  f ree  energy func t iona l  may be w r i t t e n  i n  

t h e  fo l lowing  form: 

2 

where 

z n  

C A i 3  

C A23 

C A33 

C A43 

The Eul er -Lagr ange equa t i  ons  for t h e  f unc t i  ana l  6'F are 

given  by: 
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538/[3104] A.D. KISELEV AND V.Yu. RESHETNYAK 

where 

a * 2 4 4  A - 1 - q  r [ - 2 %  A - I - q  r 
C A!%> 

Si nee t h e  angi e f 1 u c t  u a t i  ons are 2n-per i odi c f unct  i ons 

of t h e  azimuth angle ,  t h e y  can be expanded in t h e  Fourier  

series over cp . 

C Ma> 

C A6b3 

To solve t h e  Eul er -Lagr ange oquat  i ons 1 et us i ntroduce new 

Four ie r  ampli tudes i n  t h e  fo l lowing  w a y :  

By us ing  Eqs.CAS-A73 it is not  d i f f i c u l t  t o  g e t  t h e  equat ions 

for t .hese f l u c t u a t i o n  d e  ampli tudes:  

C A83 

4 
where 

Amzi= [ r $1 - C m f. 1 3' - q2 rz  . 

The s o l u t i o n s  t o  t h e  equa t ions  C A 8 3  are expressed  i n  terms of 

modified Bessel f unc t i  onsZ0 : 

where C J  are t h e  complex c o e f f i c i e n t s  C R e  CL = A: and 

I m  CA = BA. j = 1, 2; 3 ,  ImC>i )  is t h e  modified B e s s e l  
Funct ion of order m . 

m 
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After i n s e r t i n g  Eqs.CA6, A?, AQ> into E q . C A l >  and 

performing r a t h e r  r o u t i n e  c a l c u l a t i o n s  w e  have 
m .~ 

1 6*F = 1 [ 6'FmCA3 + 6*F m CB3 

Cx3 C Kz4C m + 1 3 + W R/Z 3 + 1 - 
1 m:i 

+ A: A: { Ki3 x I m C A  C Im+iCx3 + I Cx3 3/52 - 
l m - i  I 

- c x 3  I Cx3 W R } ,  
I m+i lm-fi I 

w h e r e  x = q R - 
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